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We study one dimensional clean systems with few channels and strong electron-electron interac-
tions. We find that in several circumstances, even when time reversal symmetry holds, they may lead
to two terminal fractional quantized conductance and fractional shot noise. The condition on the
commensurability of the Fermi momenta of the different channels and the strength of interactions
resulting in such remarkable phenomena are explored using abelian bosonization. Finite tempera-
ture and length effects are accounted for by a generalization of the Luther-Emery re-fermionization
at specific values of the interaction strength. We discuss the connection of our model to recent
experiments in confined 2DEG, featuring possible fractional conductance plateaus. One of the most
dominant observed fractions, with two terminal conductance equals to 2
5
e2
h
, is found in several sce-
narios of our model. Finally, we discuss how at very small energy scales the conductance returns to
an integer value and the role of disorder.
Introduction and main results.— Fractional quantum
Hall (FQH) effect, exhibiting a fractionally quantized
value of the Hall conductance in units of e
2
h [1, 2], is a
hallmark of strongly correlated electron systems, featur-
ing composite particles, fractionally charged excitations,
and fractional exchange statistics [3–5]. In recent years,
theoretical studies of very clean one-dimensional (1D)
quantum nano-wires with broken time reversal symmetry
predict fractional values of the two-terminal conductance
[6], as well as fractional shot noise [7]. In contrast to the
quantum Hall effect the one-dimensional wires are not
topologically protected from the effect of impurity scat-
tering, and hence observation of approximate fractional
conductance and shot noise requires high degrees of pu-
rity.
Interest in such fractional states has risen recently,
with experimental evidence for fractional transport in
split-gate 1D constrictions made in germanium two-
dimensional layers [8], and in GaAs/AlGaAs heterostruc-
tures, even in the absence of an external magnetic field
[9]. Strong interactions between the quasi-particles in 1D
are expected to play an important role in determining
transport properties, especially when the electronic con-
finement in the transverse direction is somewhat relaxed
[10, 11].
In this manuscript, we explore a two-band [12]
fermionic 1D system, that bands for example could be,
but not necessarily are, the spin degree of freedom. We
find that even in the absence of time-reversal breaking
the combination of tuning of the chemical potentials of
the bands, and very strong inter-band interactions, leads
to universal fractional transport properties at interme-
diate, and experimentally relevant, energy scales. We
argue how in the very clean case at ultra-small temper-
atures, the conductance recovers an integer value. The
role of disorder is discussed in the supplementary mate-
rials (SM) Sec. S.E.
We perform finite temperature and length analysis of
the two-terminal conductance, employing RG analysis
FIG. 1. (a) Two-band dispersion with an example of a
backscatering Obs process which conserves momentum when
the chemical potential (horizontal dashed line) is such that
n1k1 = n2k2. (b) An example of a time-reversal invari-
ant backscattering process, (n1, n2) = (3, 1), occurring for
fractional filling of a Rashba nano-wire, see SM Sec. S.C
[14]. (c) Similarly to (a), an umklapp process Oum with a
net momentum change, conserves lattice momentum when
n1k1 + n2k2 = pi · integer, stabilizing a fractional Mott-
insulator phase. (d) Illustration of a scenario where both
bands interact throughout out the wire, yet one is confined
and does not reach the reservoirs. This leads to a variety of
possible fractional conductance values, see SM Sec. S.A [14].
procedure and re-fermionization at specific values of the
interaction that generalizes the Luther-Emery point [13].
Finally, we use our novel results to suggest plausible sce-
narios that fit reported measurements, including conduc-
tance equals to 25 in units of
e2
h ; which is one of the most
experimentally predominant fractions [9].
At the core of our analysis is the observation that when
the electro-chemical potential µ is tuned properly, the
backscattering momentum of n1 right moving electrons at
the Fermi level, is compensated by backward scattering
of n2 left moving electrons (and vice versa), so that multi-
electron scattering processes occur in a clean momentum
conserving system (see Fig. 1a). Such processes are rel-
evant in the RG sense when interactions inside the wire
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2are sufficiently strong. Remarkably, time-reversal sym-
metry is not necessarily broken when |n1 + n2| is even
(see SM Sec. S.C). In the presence of a lattice umklapp
processes may occur, they are formally accounted for by
changing the relative sign of n1, n2, see Fig. 1c.
Theoretical model.— We consider a 1D system which
hosts two interacting electron species, with annihilation
operators c1 (x) and c2 (x) at position x and different
chemical potentials µi. The Hamiltonian is
H =
∫
dx c†i (x)
[
δij
(
−µi − ∂
2
x
2mi
)]
cj (x)
+
∫
dx
∫
dx′ρi (x)Uij (x, x′) ρj (x′) , (1)
where ρi = c
†
i ci, Uij is the interaction matrix, and sum-
mation over repeated indices, i, j = 1, 2, is implied. The
model (1) is conveniently analyzed in the framework of
abelian bosonization [15, 16]. Linearizing the spectrum
around the Fermi energy, the fermionic operators are de-
composed into chiral modes, such that ci = ψ
i
R + ψ
i
L,
with R (L) being the right (left) moving mode. These
are then represented in terms of bosonic variables
ψir ∼
1√
2pia
eirkixe−i(rφi−θi), (2)
with ki the Fermi momentum of species i, a is a
short-distance cutoff, r = +1 (−1) for right (left)
movers, and the bosonic variables satisfy the alge-
bra [φi (x) , ∂xθj (x
′)] = ipiδijδ (x− x′) . The operator
− 1pi∂xφi ( 1pi∂tφi) represents the normally-ordered charge
(current) density of the i species. The forward scatter-
ing part of the interaction U is incorporated into the
Hamiltonian Hfs by employing proper Luttinger param-
eters, and diagonalized by defining φ± = 1√2 (φ1 ± φ2)
and θ± = 1√2 (θ1 ± θ2), such that
Hfs =
∑
η=±
uη
2pi
∫
dx
[
1
Kη(x)
(∂xφη)
2
+Kη(x) (∂xθη)
2
]
.
(3)
Note that whereas the (+) sector in (3) corresponds to
the total charge sector, the (−) does not necessarily rep-
resent spin. The distinction between different species is
kept general at this point. The Luttinger parameters may
be evaluated for weak interactions yielding: g ≡ U0pivF ,
K± ≈
√
1+g 1∓12
1+g 1±32
, and u± ≈ vF2
√
(2 + g) (2 + g ± 2g)
with Uq the Fourier transform of the interaction, and
vF the Fermi velocity[15]. We shall henceforth assume
for simplicity that u+ ≈ u− ≡ u, and that the Luttinger
liquid parameter is spatially smooth (on a scale of 1/ki).
We now consider backscattering interactions which in-
volve both species. Generally, µ1 6= µ2, and we neglect
processes that do not conserve momentum. The oper-
ator Obs ∼
(
ψ1†R ψ
1
L
)α (
ψ2Lψ
†2
R
)β
[17] is potentially rel-
evant when αk1 ≈ βk2 and nullified otherwise, due to
the integral on coordinate x (cf. Fig. 1a). Similarly,
in the presence of external periodic potential an umk-
lapp type processOum ∼
(
ψ1†R ψ
1
L
)α (
ψ2Rψ
†2
L
)β
may be
relevant when αk1 +βk2 ≈ pi · integer and the lattice mo-
mentum is conserved (Fig. 1c). In Rashba nano-wires
(cf. Fig. 1b) or in case of electron and holes bands,
the right movers (and also the left movers) of differ-
ent species have opposite sign of Fermi momentum, then
Oumconserves momentum even in the absence of a lattice
when αk1 ≈ βk2 [18] (notice that in the Rashba nano-
wires species are identified by their helicity). We neglect
several additional processes that can be ruled out when
two species are spatially separated, when the Fermi mo-
menta mismatch considerably, or due to strong repulsive
interactions which suppress (momentum conserving) pair
hopping.
We may write a general scattering operator using the
bosonized fields
On1,n2λ =
∫
dx
λ
(2pi)
|n1|+|n2| cos [2 (n1φ1 + n2φ2)] , (4)
with the coupling strength λ ∝ (U2k1)|n1| (U2k2)|n2|.
The integers ni have the opposite (same) sign for
backscattering- Obs (umklapp- Oum) processes. The rel-
evance of On1,n2λ , in an RG sense, can be understood by
treating λ as a small perturbation compared to (3). At
tree-level, the RG flow is dλdl = (2−D)λ, with l the flow
parameter, and the scaling dimension
D =
(
n21 + n
2
2
) K+ +K−
2
+ n1n2 (K+ −K−) . (5)
Therefore, the relevance condition D < 2 can be met
for sufficiently strong repulsive interactions. As On1,n2λ
flows to strong coupling, a gap opens up in the sector
φg ≡ n1φ1+n2φ2√
n21+n
2
2
, given by ∆λ ≈ ty 12−D , with t a typical
bandwidth, and the dimensionless coupling strength y ≡
λ (2pi)
1−|n1|−|n2|
u . For temperatures above T
∗ ≡ ∆λ, or
for lengths shorter than L∗ ≡ u∆λ , the RG flow is cut-off
before reaching strong coupling, and one finds the gap
∆λ scales as ∼ TD−1 or ∼ L1−D, respectively.
Fractional two-terminal conductance.— A setup in
which the 1d system is smoothly connected (on the scale
of k−11,2) at its ends to non-interacting reservoirs is con-
sidered. We begin by considering a scattering problem,
in the spirit of [6]. By defining chiral bosonic fields ϕir =
θi−rφi√
2
, we construct an incoming current vector ~I =
(IR,1, IR,2, IL,1, IL,2)
T
with Ir,i =
e
2pi∂tϕ
i
r|x=r∞, and sim-
ilarly an outgoing vector ~O with Or,i =
e
2pi∂tϕ
i
r|x=−r∞.
In the limit λ → ∞, φg is gapped inside the system,
thus current flowing in this channel is fully backscattered,
i.e.,
∑
i ni∂t
(
ϕiL − ϕiR
)
= 0. In the sector orthogonal to
φg, φf ≡ n2φ1−n1φ2√
n21+n
2
2
, the current is unobstructed (in a
clean wire), and we may write ∂t
[
n2ϕ
1
r − n1ϕ2r
]
x=∞ =
3∂t
[
n2ϕ
1
r − n1ϕ2r
]
x=−∞. Using these conditions, we find
the scattering matrix connecting the current vectors ~O =
S~I and the two-terminal conductance g ≡ he2G (see SM
Sec. S.A [14]),
g =
(n1 − n2)2
n21 + n
2
2
. (6)
Thus, we find a myriad of possible fractionalized g values.
These are universal, in that they do not depend on details
of the model, e.g., the strength of interactions, and rely
solely on λ flowing to strong coupling limit, and on taking
the limits L → ∞, T → 0. (Notice that by taking n2 =
n1 +1, the fractional values for the helical wire discussed
in Refs. [6, 19] are obtained.)
One may consider additional 1D transport scenarios.
A Coulomb drag setup [20] in which the Fermi levels of
the different wires is commensurate in a similar manner
will also lead to a fractional transconductance g12. A
situation when the species i is confined to the wire, i.e.,
does not couple to the leads, yet still strongly interacts
with species i¯ (see Fig. 1d), would result in a different
measured coefficient gic. Using the same scattering ap-
proach, one finds
g12 = − n1n2
n21 + n
2
2
, gic =
n2i
n21 + n
2
2
. (7)
Generalized Luther-Emery line.— We now wish to un-
derstand the behavior of the fractional conductance in
a finite temperature and/or length. One expects the
asymptotic value (6) to hold well-below T ∗, whereas for
sufficiently high T , the gap renormalization will lead to
power-law corrections to the integer value g = 2 (and
similarly for 1L∗ ). We begin our calculation by imposing
boundary conditions at the connection of the system to
the leads, accounting for the interactions in the system
bulk [21],[
uη
K2η
∂x ± ∂t
]
φη
(
x = ±L
2
)
=
1 + η√
2
∫
dEf
(
E ± V
2
)
,
(8)
with η = ±, giving us a total of four equations. We use
the full Hamiltonian H = Hfs+On1,n2λ to write our action
in terms of φg and φf sectors and their cross interactions,
see SM Sec. S.B [14]. Upon shifting φf → φf + Qφg
(with Q an appropriate constant), we neglect irrelevant
cross terms, and re-scale the bosonic fields φg,f → φ˜g,f
such that (i) the φ˜f sector is non-interacting, and (ii) the
backscattering term is written in a form ∼ y cos
(
2φ˜g
)
.
We thus find that for given values of n1,2, there exists a
line in the K+-K− plane where the φ˜g sector is quadratic
in fermionic variables, and the entire Hamiltonian may
be re-fermionized. This line is a novel generalization of
the well-known Luther-Emery point [13].
Upon re-fermionization, Eq. (8) may be solved as
a set of linear equations in the limit of adiabatically
FIG. 2. Conductance in a gate-voltage sweep for the time-
reversal invariant nano-wire described by the Hamiltonian
density HR (k) = 12m (k + σzα)2−µ, around the filling corre-
sponding with (1, 3). (a) Plateaus at T
∆
= 0.15, varying inter-
band separation (left to right) α√
2m∆
= 1, 1.2, 1.5, 2, 2.5. (b)
With α√
2m∆
= 1.4 and different temperatures (left to right)
T
∆
= 0.1, 0.2, 0.3, 0.4, 0.5. Plots are shifted horizontally for
clarity.
formed gap [22], and we find the total charge current
jc =
√
2
pi ∂tφ+ [14]
jc (E) = 2
1
2pi
δfΘ (E −∆)
+
1
2pi
δfΘ (∆− E) (n1 − n2)
2
+ 2χ (L)
n21 + n
2
2 + χ (L)
, (9)
with ∆ = ty, χ (L) ∝ sinh−2 ∆u L and δf = f
(
E − V2
)−
f
(
E + V2
)
. Integrating over energy and restoring units,
one obtains the result (6) in the limit T → 0, L→∞. For
temperatures well above the gap, (9) implies a correction
to the conductance δg ≡ 2 − g with δg ∝ ∆/T . Simi-
larly for lengths much shorter than L∗, δg ∝ (∆L/u)2.
We may infer the power-laws for δg slightly away from
the re-fermionization line (where the φ˜g sector has weak
interactions) from the renormalization of the gap, to ob-
tain
δg ∝ (T/∆)D−2 , (∆L/u)4−2D . (10)
Our result (9) is used to calculate the shape of con-
ductance plateaus in a typical gate-voltage sweep exper-
iment, by changing the chemical potential that goes into
(1). An example is given in Fig. 2, where the shape of
the plateau changes as function of band separation and
temperature. Note that the apparent value of the plateau
may differ from the universal fractional result (6) at fi-
nite temperatures.
4FIG. 3. Schematic depiction of the conductance as a func-
tion of temperature. At temperatures above TL the behavior
is determined by the ratio ∆
T
, with an exponentially small
correction to the universal fractional value g at low tempera-
tures, and a power-law behavior at high temperatures. Below
TL, the exponentially small energy scale Tx determines the
universal power-law of the conductance.
Ultra-low T limit.— Our re-fermionization results
cease to be valid for finite system length once the tem-
perature is sufficiently low, i.e., for T  uL ≡ TL, which
may be understood from the following. Upon re-scaling
the bosonic fields, one should in principle also apply the
same transformation to the leads, before matching the
boundary conditions. Neglecting this step may by justi-
fied, in the case where all two-point correlators involved
in the current,
〈
e2iφg(x,τ)e−2iφg(x
′,τ ′)
〉
, approach their
value for a uniform LL. This occurs at T  TL. In the
opposite limit, we may treat the interacting section as a
point-like perturbation in the non-interacting leads [23].
Using well-known results for such perturbations [24, 25],
we find universal power-law behavior of the conductance
[14]. Slightly below TL, the correction to the universally
fractionalized value is
G− g e
2
h
∝
(
Tx
T
)2(1− 1
n21+n
2
2
)
. (11)
Reducing the energy scale further below Tx ∼ TLe−∆/TL ,
an integer conductance is recovered, behaving much be-
low Tx as
G− 2e
2
h
∝
(
T
Tx
)2(n21+n22−1)
. (12)
This result is in agreement with [23], who considered the
case n1 = n2 = 1. Thus, for higher order backscattering
processes, the conductance will tend to perfect transmis-
sion more sharply. The different T -dependent conduc-
tance regimes are summarized in Fig. 3.
The temperature dependence of the conductance is
modified in the presence of a small amount of sharp im-
purities. These impurities, which are more relevant in the
RG sense, will impede the flow of y∗ to strong coupling
and ensure an integer value of the conductance is not
reached, even exactly at T = 0. The qualitative behav-
ior of the conductance in the presence of such impurities,
and their effects in the higher temperature limit, are in-
tricate, and depend on the energy scales ∆, TL, and the
impurity energy scale, see SM, Sec. S.E [14].
Connection with recent experiments.— The results and
discussion above are particularly interesting, as plateaus
which are a fraction of e
2
h have been recently experimen-
tally observed [8, 26]. We conjecture that weak confine-
ment in the lateral direction, a crucial ingredient in ob-
taining the experimentally observed fractional plateaus,
gives rise to the appearance of additional modes, origi-
nating in transverse direction quantization (cf. a similar
argument in [10]). Thus, properly tuning a gate, a com-
mensurability condition, which allows Oλ to establish it-
self, may occur, subsequently leading to formation of a
fractional plateau. Although according to (6) this would
generically lead to 2 > g > 1, unlike the reported mea-
surements, a scenario such as in Fig. 1d, where channels
may be confined, yet interact strongly throughout the
system, result in (7) with gic < 1, capturing some of the
values obtained experimentally. The lateral asymmetry
of the 1D channel, which was found to bear great influ-
ence on the measurements, may also play some role, as
it could lead to an effective SO interaction [27, 28]. If
this is indeed the case, then commensurability may be
established between modes of effective opposing helicity
[14]. Notice that contrary to Rashba nanowires, we find
that that plateaus may form in the absence of magnetic
field, in a time reversal conserving fashion. In fact, the
most relevant time reversal conserving processes are with
n1 = 1 and n2 = 3 leading to the universal value g =
2
5 ,
was observed without magnetic field [9].
The shape of plateaus that we calculated (Fig. 2) fits
well to the measurements. Specifically, a conductance
peak to the left of the plateau region is often observed.
It is a signature of the gate-voltage regime lower than
the critical commensurate value, where the conductance
should attain its higher, non-fractional value.
Lastly, we comment on the actual values of fractional
conductance that were measured. While some reported
values may indeed occur in our theoretical model, oth-
ers are absent, e.g., 23 ,
3
10 . A plausible explanation is
that perhaps some reported plateaus do not necessarily
sit at universal values due to finite temperature, cf. Fig.
2b. Moreover, taking into account impurities, or having
T . TL, the conductance is expected to be non-universal,
albeit maintaining the presence of a chemical potential
“window” where the fractional conductance value is sta-
bilized, i.e., a plateau.
Conclusions.— In this work, we have shown that stabi-
lization of fractional two terminal conductance plateaus,
which are at a universal fraction of e
2
h depending only
5on band fillings, requires sufficiently strong interactions
and tuning of the chemical potentials. In addition to the
two-terminal scenario, we also implement our two-band
model to fractional Coulomb drag setups, and to cases
where some species are confined within the wire. Solv-
ing the re-fermionized problem exactly on the generalized
Luther-Emery line, we were able to obtain quantitative
finite temperature and length corrections to the universal
value, as well as the restoration of the integer value of the
conductance at ultra small temperatures. This allowed
us to suggest a feasible explanation to recent experimen-
tal observation of factional conductance plateaus. We
expect that further insight into these experiments may
be attained from measuring the behavior of the conduc-
tance with varying temperatures, and the shot-noise.
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SUPPLEMENTAL MATERIAL FOR “FRACTIONAL CONDUCTANCE IN STRONGLY INTERACTING
1D SYSTEMS”
In this supplemental material, we provide technical details for some of the main results of our work, namely the
scattering matrix calculations, generalized to a many-band scenario, and the re-fermionized conductance calculations.
Additionally, we discuss the consequences of having time-reversal symmetry in the system, some details of the low-T
limit, and how the presence of small disorder impacts our findings.
6S.A. SCATTERING MATRIX CALCULATIONS AND MANY-BANDS GENERALIZATION
A. Conductance
Here we outline the calculation performed in the scattering matrix formalism for a general case of N species of
interacting electrons in the 1D system. In the main text, the case of N = 2 was explored. As mentioned in the main
text, we adiabatically attach non-interacting leads to both ends of the system, and define the incoming vector current
~I = (IR,1, ..., IR,N , IL,1, ..., IL,N )
T
with Ir,i =
e
2pi∂tϕ
i
r|x=r∞, and similarly the outgoing vector ~O. Assuming left-right
symmetry in our system, as well as conservation of current, the incoming and outgoing currents can be related by(
OR
OL
)
=
( T 1− T
1− T T
)(
IR
IL
)
, (S1)
with T a N × N matrix, and we have separated the current vectors into chiral vectors of length N , e.g., IR =
(IR,1, ..., IR,N )
T
.
Consider the backscattering operator
(
ψ1†R ψ
1
L
)n1 (
ψ2†R ψ
2
L
)n2
...
(
ψN†R ψ
N
L
)nN
, with ni integers, and negative ni
should be interpreted as backscattering in the opposite direction, i.e.
(
ψ1†R ψ
1
L
)−|n|
≡
(
ψ1†L ψ
1
R
)|n|
. If for a given
i ni = 0, this species is absent from the backscattering process (though still possibly contributes to the transport). In
the language of our bosonization scheme, this operator takes the form
λN cos
(
2
∑
i
niφi
)
, (S2)
and has a scaling dimension (up to corrections due to inter-species forward scattering) ∼ (∑i n2i )K, with K the
Luttinger parameter accounting for intra-species electron-electron interactions.
In the limit λN →∞ this perturbation pins φg ≡
∑
i niφi√∑
i n
2
i
to a constant value, leading to the boundary condition
∑
i
ni∂t
(
ϕiL − ϕiR
)
= 0, (S3)
inside the interacting section of the wire. The representation of φg in terms of ni can be thought of as a normalized
vector in N -dimensional space, φg = n · ~φ, with ~φ = (φ1, ..., φN )T . Notice that nTn = 1. Taken at the opposite ends
of the wire, (S3) gives
nT (OL − IR) = 0, nT (OR − IL) = 0,
or equivalently,
nTT (IL − IR) = 0.
As this result does not depend on the incoming current vector ~I, we find the condition
nTT = 0. (S4)
The remaining gapless modes φf,2, ..., φf,N span the (N − 1)-dimensional plane perpendicular to φg, such that φf,j ≡
mj · ~φ, and for all j mj ·n = 0. We assume these vectors are normalized as well, mTj mj = 1 for all j. These modes are
assumed to propagate freely throughout the wire, leading to another 2N − 2 boundary equations, which are written
in terms of the current vectors as
mTj
(
OR/L − IR/L
)
= 0.
Similarly to before, this yields another condition on the T matrix,
∀j, mTj (1− T ) = 0. (S5)
It is easily verifiable that
T = 1− nnT (S6)
7is a solution of (S4),(S5). Since these boundary conditions fully specify how T operates on a complete basis of the
N -dimensional space (it is spanned by n and all the mj vectors), Eq. (S6) is also the only solution.
The two-terminal conductance may be extracted by imposing a voltage difference between the different sides of the
system, which amounts to
g = 1TNT 1N = N −
(
∑
i ni)
2∑
i n
2
i
, (S7)
with 1N a column vector of ones of length N . This result reduces to Eq. (6) of the main text in the case of two
fermionic species. Scenarios similar to Fig. 1d may also be considered, by attaching only some of the modes to the
voltage leads. The vector 1N is replaced by the vector aN , which is comprised of ones for the channels attached to
the leads, and zeros elsewhere, such that Eq. (S7) is modified to
gc = Na −
(∑
i∈a ni
)2∑
i n
2
i
, (S8)
with Na the number of attached modes and
∑
i∈a is a sum over the coefficients of the attached modes only. As an
example, for n = (1,−2, 1,−2), if only the second and fourth modes arrive at the leads, one obtains gc = 2− 1610 = 25 .
Some additional examples of fractional conductance coefficients, occurring for the two band (N = 2) case are given
in Table I.
(n1, |n2|) gn1,−|n2| gn1,|n2| g12 gic q∗e (n1,− |n2|) q∗e (n1, |n2|)
(1, 1) 2 0 1
2
1
2
0 1
(1, 2) 9
5
1
5
2
5
1
5
or 4
5
1
5
3
5
(1, 3) 8
5
2
5
3
10
1
10
or 9
10
1
5
2
5
(1, 4) 25
17
9
17
4
17
1
17
or 16
17
3
17
5
17
(2, 3) 25
13
1
13
6
13
4
13
or 9
13
1
13
5
13
TABLE I. Examples of the different fractional transport coefficients. The second and third columns correspond to total mo-
mentum conserving (Obs) or umklapp-like (Oum) processes. The fourth column is the drag transconductance. The conductance
gic is obtained when n1 or n2 bands do not reach the voltage leads. The last two columns are the corresponding Fano factors
obtained from the tunneling shot-noise (S9).
B. Tunneling shot-noise
For a system with a finite length, tunneling events of charge between the non-interacting leads may affect the
conductance. Such an event is represented by tunneling between adjacent minima of the cosine of (S2). These
minima are fixed in the limit L→∞, T = 0. Tunneling between adjacent minima causes a pi√∑
i n
2
i
temporal kink in
φg for the duration of the tunneling. The total charge transferred between the leads can be easily found by integrating
the charge current over the time of the tunneling event. Since the charge current is given by
jc =
1
pi
∂t
∑
i
φi =
1
pi
∂t
(n · 1N )φg +∑
j
(mj · 1N )φf,j
 ,
the total fractional charge transferred is
q∗ =
∫
dtjc =
∑
i ni∑
i n
2
i
e. (S9)
For V  T, TL, these tunneling events will dominate the dc shot-noise given by [29]
S (ω → 0) = 2q∗It, (S10)
with It the excess tunneling current in the φg channel, It = I− e2h gV , with I being the total measured current. Thus,
we identify q∗ with the Fano factor of this shot-noise contribution. This result is a many-band generalization of a
similar formula obtained in previous works [7], and gives the same result for the N = 2 case.
8S.B. DETAILED DERIVATION OF THE REFERMIONIZATION SOLUTION
Let us write the Euclidean action accounting for (3)–(4) as
S =
u
2pi
∫
dxdτ [Lf + Lg + LO + L×] , (S11)
with
La = φa
(
− 1
K2a
∂2x −
1
u2
∂2τ
)
φa,
for a = f, g,
LO = y cos
(
2
√
n21 + n
2
2φg
)
,
L× = 1
K2×
∂xφf∂xφg,
and the modified Luttinger parameters
K−2f =
1
2
(
1
K2+
(n1 − n2)2
n21 + n
2
2
+
1
K2−
(n1 + n2)
2
n21 + n
2
2
)
,
K−2g =
1
2
(
1
K2+
(n1 + n2)
2
n21 + n
2
2
+
1
K2−
(n1 − n2)2
n21 + n
2
2
)
,
K−2× =
n21 − n22
n21 + n
2
2
(
1
K2−
− 1
K2+
)
.
The cross term L× should not be neglected here (the way it implicitly was in the scattering matrix calculations),
as the boundary conditions for the voltage leads (8) contain K±, which account for the electrostatic charging of
the interacting wire [21]. Ignoring L×would thus be inconsistent with (8) and lead to non-universal asymptotic
conductance. By a shift of φf → φf +Qφg, with Q chosen as
Q ≡
(
n21 − n22
) (
1
K2+
− 1
K2−
)
1
K2−
(n1 − n2)2 + 1K2− (n1 + n2)
2 , (S12)
we find the modified Lagrangian densities
Lg + LO = φg
(
−
(
K−2g +K
−2
f Q
2
)
∂2x −
1 +Q2
u2
∂2τ
)
φg
+ y cos
(
2
√
n21 + n
2
2φg
)
, (S13)
L× = 2Q
u2
∂τφfLL∂τφg. (S14)
Notice that Lf is unaffected by this transformation. As L× now vanishes in the static limit, it will henceforth be
neglected in the massive φg regime. With the shift performed above, we write the current and densities operators
using
Oˆ+ =
[(n1 + n2) +Q (n2 − n1)] Oˆg + (m− n) Oˆf√
n21 + n
2
2
,
9Oˆ− =
[(n1 − n2) +Q (n2 + n1)] Oˆg + (m+ n) Oˆf√
n21 + n
2
2
,
with Oˆ = ρ, j. These expressions are plugged in (8) to obtain the boundary equations in terms of the g and f bosonic
fields.
Before the re-fermionization step, we rescale the bosonic fields,
φ˜f =
1√
Kf
φf , θ˜f =
√
Kfθf ,
φ˜g =
1√
K˜
φg, θ˜g =
√
K˜θg,
with K˜ =
√
1+Q2
K−2g +K
−2
f Q
2
. At the special line defined by K˜ = 1
n21+n
2
2
≡ K∗, the gapped channel describes non-
interacting fermions (the f˜ sector is free as well, for any Kf ). The quadratic in fermion operators Hamiltonian may
be written as
H =
∫
dxΨ†f [iuσz∂x] Ψf
+
∫
dxΨ†g [iuσz∂x + ∆ (x)σx] Ψg, (S15)
withΨg = (Lg, Rg)
T
, Ψf = (Lf , Rf )
T
, and the chiral fermionic fields defined as vertex operators of the rescaled
bosonic variables, Rj ∼ e−i(φ˜j−θ˜j), Lj ∼ ei(φ˜j+θ˜j). The density and current operators of the two sectors are thus
given by
ρj = Ψ
†
jΨj , (S16)
jj = −uΨ†jσzΨj , (S17)
and we may express the boundary conditions in terms of them. Next, we look for solutions for the Schrodinger
equation HΨj = EΨj . We find
Ψf (E) =
(
η1e
iEu (x−L2 )
η2e
−iEu (x+L2 )
)
, (S18)
with η1/2 fermionic operators. Clearly, by using (S16)–(S17), such a solution gives rise to spatially independent forms
of jf , ρf . Assuming the spatial profile of the gap ∆ (x) is sufficiently smooth at the connection to the leads, i.e., varies
on a length scale greater than u∆ , we may assume a similar form for the gapped fermions wave function above the gap
(as backscattering is suppressed),
Ψg (E > ∆) =
 η3ei√E2−∆2u (x−L2 )
η4e
−i
√
E2−∆2
u (x+
L
2 )
 , (S19)
which again results in spatially uniform charge and current densities. Thus, for E > ∆, we may solve (8) as a set of
equations for four position independent variables, and extract
jc (E > ∆) =
1
pi
δf. (S20)
For energies below the gap, we find an exponentially decaying solution along the system,
Ψg (E < ∆) =
1√
2
ξ1
(
1
E−iκu
∆˜
)
e−κ(x+
L
2 )
+
1√
2
ξ2
(
1
E+iκu
∆˜
)
eκ(x−
L
2 ), (S21)
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with κ ≡
√
∆2−E2
u , and fermionic operators ξ1/2. Thus, we may express the charge and current operators of the
gapped re-fermions as
jg = −ue−κL
(
κu
κu+ iE
ξ†1ξ2 + h.c.
)
, (S22)
ρg
(
x = −L
2
)
= ξ†1ξ1 + ξ
†
2ξ2e
−2κL + e−κL
(
ξ†1ξ2
1− iκuE
+ h.c.
)
, (S23)
ρg
(
x = +
L
2
)
= ξ†1ξ1e
−2κL + ξ†2ξ2 + e
−κL
(
ξ†1ξ2
1− iκuE
+ h.c.
)
. (S24)
Assuming the non-interacting leads are adiabatically connected to the wire yields an additional boundary condition,〈
R†g
(−L2 )Lg (L2 )〉 = 〈〈L†g (L2 )Rg (−L2 )〉〉 = 0, such that there is no 2kF backscattering in the leads. This amounts
to the following relations between the fermionic operators,
ξ†1ξ1 + ξ
†
2ξ2 = −
κu
E
coshκL
(
iξ†1ξ2
κu− iE
κu
+ h.c.
)
, (S25)
ξ†2ξ2 − ξ†1ξ1 = sinhκL
(
ξ†1ξ2
κu− iE
κu
+ h.c.
)
. (S26)
Manipulating Eqs. (S22)–(S26), we may finally relate the current jg to the difference in densities between the ends of
the wire,
jg = u
∆2 − E2
2∆2 sinh2 κL
(
ρg
(
x = +
L
2
)
− ρg
(
x = −L
2
))
. (S27)
We may now solve once again (8) as a set of linear equations, but now the variables are ρf , jf , ρg
(
x = ±L2
)
. Straight-
forward calculation yields jf and ρg, and thus jg. We plug them into the total charge current, given in the “shifted”
basis by
jc =
[(n1 + n2) +Q (n2 − n1)] jg + (n2 − n1) jf√
n21 + n
2
2
, (S28)
and we finally obtain after some elaborate yet straightforward manipulations,
jc (E < ∆) =
1
2pi
δf
(n2 − n1)2 + 2χ
n21 + n
2
2 + χ
, (S29)
with the non-universal factor χ = ∆
2−E2
2∆2 sinh2 κL
(
K2− (n1 − n2)2 +K2+ (n1 + n2)2
)
. For low enough temperatures, and in
the limit κL→ 0, one finds χ→∞, and an integer conductance of g = 2 is restored. For the opposite limit, κL→∞,
one recovers the universal value, Eq. (6). The dependence of the conductance on temperature, chemical potential
(i.e., the distance from the commensurability point), and voltage, are encapsulated within the δf dependence.
Combining Eqs. (S20),(S29), integrating over energy, and restoring units, we may calculate the two-terminal
conductance for arbitrary temperature and system length. An example is shown in Fig. S1 for the case of (1, 3),
which was considered in Fig. 2. Additionally, we show two cuts with constant temperature or length, showing the
power-law behavior at small L and high T .
S.C. TIME-REVERSAL INVARIANT SYSTEMS
Let us consider a system comprised of two one-dimensional channels of opposite helicities, strongly interacting with
one another. The helicity need not necessarily correspond to the spin itself, but to a general pseudo-spin degree of
11
FIG. S1. Calculation of the conductance (in units of e
2
h
) for the case of (n1, n2) = (1, 3). (a) Conductance as a function of T
and L. (b) Dashed blue line: a cut with constant L∆
u
= 1.3; solid red line: power-law fit with 2− g ∝ (∆/T ). (c) Dashed blue
line: a cut with constant T
∆
= 0.15; solid red line: power-law fit with 2 − g ∝ (L∆/u)2. All calculations were made with the
chemical potential exactly at the (1, 3) commensurability point.
freedom, which will be denoted as ↑ / ↓ for convenience. We number each helical channel by 1, 2 , as in the main text,
corresponding to the mapping of the chiral fermionic operators
ψ1R ↔ ψR,↑, ψ1L ↔ ψL,↓,
ψ2R ↔ ψR,↓, ψ2L ↔ ψL,↑.
By applying different chemical potentials to the two helical channels, the results we obtained in the main text may
be applied to such a system.
The presence of time-reversal symmetry modifies the allowed integers that go into the operator Oλ. To see this,
consider that under time-reversal the chiral fermionic operators transform as
ψR,↓ → ψL,↓, ψL,↓ → −ψR,↓, ψL,↑ → ψR,↓, ψR,↓ → −ψL,↑. (S30)
Thus, one finds that Oλ is time-reversal invariant only if (n1 + n2) is an even integer.
This scenario may be realized in two different ways, depicted in Fig. S2. (i) Using a narrow sample of a two-
dimensional topological insulator (TI), with width d much greater than the characteristic correlation length ξ, with
different gate voltages applied to the different edges, as to achieve the fractional commensurability of the Fermi
momenta. (ii) Constructing a TI-Insulator-TI heterostructure, with different top and bottom gates, or different
doping for the two topologically non-trivial layers. In the two scenarios one must ensure that the distance between
the different edge states is such that strong electron-electron interactions may take place. Alternatively, the physics
of a Rashba nano-wire may be considered.
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FIG. S2. More robust TR symmetric setups using 2D-TIs. (a) Edge states of a thin 2D-TI, with its edges kept in different
chemical potential. (b) Edge states of two 2D-TIs with different helicities separated by a trivial insulator are governed by the
same Hamiltonian.
A. Rashba nanowire
The model for a spinfull 1D system with Rashba type spin-orbit coupling (RSO) is captured by the Hamiltonian
density
HR (k) = k
2
2m
+ µ+ ασzk + EZσ
y, (S31)
with k the wave vector, α the RSO strength, EZ the Zeeman energy, and σ
i the Pauli matrices acting on the electrons
spin degree of freedom. At EZ = 0, Eq. (S31) describes two copies of parabolic dispersion corresponding to the value
of σz, shifted in momentum space by the RSO. Focusing on the regime below the energy at which the two bands cross,
we linearize the spectrum to obtain the chiral fermion modes, resulting in a system with two channels of opposite
helicity, as discussed above.
Previous studies of fractional helical wires [6, 19] discussed processes analogous to (n, n+ 1) backscattering, which
inherently break time-reversal symmetry and are only generated in the presence of a finite magnetic field with finite
Zeeman energy EZ. Our treatment generalizes those results to a variety of commensurate filling factors, given by
ν ≡ kFαm = n1−n2n1+n2 . We find that the lowest order non-trivial time-reversal invariant fractional phase occurs at (1, 3), or
ν = 12 , with a novel fractional conductance g =
2
5 . A fractional conductance value of
1
5 , found to be the most relevant
in the time-reversal breaking model, may still be obtained for the filling factor ν = 13 , but it requires a higher order
(2, 4) process for its gap to be established in the system, and thus stronger interactions.
S.D. ULTRA-LOW T LIMIT
Our re-fermionization results cease to be valid for finite system length once the temperature is sufficiently low, i.e.,
for T  uL ≡ TL. This may be understood from the following. Upon rescaling the bosonic fields, one should in principle
also apply the same transformation to the voltage leads, before matching the boundary conditions. Neglecting this step
may by justified, in the case where all two-point correlators involved in the current,
〈
e2iφg(x,τ)e−2iφg(x
′,τ ′)
〉
, approach
their value for a uniform LL. This occurs at T  TL. In the opposite limit, we have to treat the interacting section
as a point-like perturbation in the non-interacting Fermi liquid which comprises the leads [23]. The corresponding
Hamiltonian for φg in our regime of interest, ∆ > T, TL, is given by
HL =
u
2pi
∫
dx
[
(∂xφg)
2
+ (∂xθg)
2
+ y∗ cos
(
2θg√
n21 + n
2
2
)
δ (x)
]
, (S32)
with the new parameter y∗ ≈ TL
u sinh2( ∆u L)
[23]. Notice that y∗ is exponentially small in ∆TL . Eq. (S32) is written
in the strong interaction limit, where y∗ represents a tunneling event between two semi-infinite Luttinger liquids.
The perturbation y∗ is clearly relevant in an RG sense, ensuring it reaches the strong coupling limit at low enough
temperatures T < t
(
uy∗
t
) n21+n22
n21+n
2
2−1 ≡ Tx. At T = 0 this sector becomes perfectly transmitting, and a total conductance
of 2 e
2
h is restored. The Hamiltonian (S32) allows us to find power-law behavior in the deviations from the universal
fractional conductance value (6) in the regime Tx  T < TL. Mapping the problem into that of a strong impurity in
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an interacting LL would reveal the perturbative (in y∗) result [24, 25]
G− g e
2
h
∝
(
Tx
T
)2(1− 1
n21+n
2
2
)
. (S33)
By examining the dual model of (S32), which has the dual perturbatively small sine-Gordon term containing φg, the
power-law deviation from perfect transmission around T = 0 is similarly recovered,
G− 2e
2
h
∝
(
T
Tx
)2(n21+n22−1)
. (S34)
S.E. EFFECT OF IMPURITIES
The 1D system we describe in this work is generally not protected from the presence of disorder and impurity
scattering. We thus explore under what conditions do such elements spoil the fractional two terminal conductance
and to what extent. In the regime where the scattering mean-free-path is comparable to the system size it is sufficient
to consider the effect of a single impurity scattering center.
Backscattering of a single particle in the i fermionic channel is described by an operator Bi ∼ yimp cos 2φi. Its
scaling dimension, 12 (K+ +K−), will generically be smaller than one (making it relevant in the RG sense) when Oλ
is relevant, hence the lack of protection mentioned. However, since the impurity is localized in space, whereas Oλ
operates along the entire system, the latter may grow much faster under the RG flow, and reach strong coupling first.
This is our regime of interest, since it will lead to clear signatures of the partially gapped state. By very crudely
estimating K+ ≈ K− ≡ K, this happens for K <
(
n21 + n
2
2 − 1
)−1
, i.e., repulsive interactions substantially stronger
compared to the interaction required to achieve the situation when the dimension of the operator Oλ, D < 2, which
is equivalent to K < 2
(
n21 + n
2
2
)−1
. Notice that once λ → ∞, φg “freezes out” , causing Bi to become even more
relevant as its dimension effectively becomes Dimp =
(
1− n2i
n21+n
2
2
)
Kf .
We now have two different temperature scales in our problem: T ∗ = ∆, the gap originating in Oλ , and Tf ,
associated with the RG flow of Bi, with Tf < T ∗ assumed. For T  T ∗, the impurity has an insignificant effect and
the power-law correction to 2e2/h are as in (10). At the vicinity of T ∗ and below it, the conductance settles at the
fractional result (6), with exponentially small corrections. As the temperature is lowered even further, the impurity
scattering begins to hinder the conductance, until completely gapping out φf as well as φg at T  Tf . At these very
low temperatures, one must start considering the additional energy scale TL, and the picture becomes much more
complicated. We will henceforth assume for simplicity that the impurity acts simultaneously on both the original
channels, φ1, φ2.
If Tf < TL < T
∗, the impurity never reaches the strong coupling regime. The impurity contributes a small power-
law correction to the conductance, which behaves as
(
Tf
T
)2(1−Dimp)
above TL, and remains a temperature-independent
constant below TL.
On the other hand, in the regime TL < Tf < T∗, the conductance for temperatures below Tf yet significantly above
TL will vanish with a non-universal power-law, as
(
T
Tf
)2(1− 1Dimp ). Once again, below TL the small conductance due
to the strong impurity, will remain constant.
Lastly, we note that Tf may be “pushed down” to lower temperatures, such that the intermediate temperature
regime with conductance very closed to its fractional universal value is greatly expanded, if the 1D system consists of
time-reversal (TR) symmetry protected edge states of a 2D topological insulator (e.g., tungsten ditelluride [30, 31]) of
opposite helicities. Prohibiting single particle backscattering, operators of the order ∼ yimp cos 4φi or higher may be
relevant. The scenario in which φg is gapped out before the impurity reaches its strong coupling regime is now roughly
given by K <
(
n21 + n
2
2 − 4
)−1
, i.e., we require much weaker interaction strengths for our regime of interest. The value
of Tf ∝ y
1
1−Dimp
imp is significantly reduced in this case, since Dimp = 4
(
1− n2i
n21+n
2
2
)
Kf is four times larger compared to
the non-time-reversal-protected system, and the vanishing conductance power-laws are modified accordingly.
